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Scattering by a Lossy Dielectric Cylinder
in a Rectangular Waveguide

ROLAND GESCHE, MEMBER, IEEE, AND NORBERT LOCHEL

,4Mract —Electromagnetic fields in a rectangular waveguide containing

a Iossy dielectric cylinder are investigated by means of the orthogonal

expansion method. The calculated results are proved by measurement.

Resonance effects become visible by frequency responses of the scattering

parameters and understandable by patterns of magnetic fields and Poynt-

ing vectors. The lowest resonance is” nonsymmetric and can be used to

realize tunable bandstop filters with a relative 3-dB bandwidth of about

0.04 and an attenuation of more than 40 dB.

I. INTRODUCTION

c

YLINDRICAL OBSTACLES in a rectangular wave-

guide are used in many microwave devices. Since

high-permittivity dielectric materials with low losses and

eligible temperature coefficients are available, filter struc-

tures become important applications of dielectric obstacles

in waveguide structures.
.

This paper investigates the structure of the dielectric ,
Fig. 1. Rectangular waveguide with dielectric cylinder.

cylinder in a rectangular waveguide shown in Fig. 1 con-

sidering the following restrictions: \“A

● Incident fields are of the TE~O mode. ..- 11 ----

● The axis of the cylindrical obstacle is parallel to the
. ..

‘Ilil,, o-..’”””’
electric field vector. ,,

● The dielectric is assumed to be isotropic, homoge-
: ~; ,,.’”

( G’”

~

neous, and linear, it may have losses. \#> ‘

● The obstacle extends over the entire waveguide height
b+ ~--; “

and can be displaced from the waveguide center.
‘\ ~+

11/2--- .- ——-

● The waveguide walls are ideal conductors. KP

Considerable effort has been made by many authors to

investigate the physical effects in such structures. To im-

prove the approximations given in [1]-[3], Nielsen applied

the point-matching method [4], [5], which has been mod-

ified in [6] and [7]. Multiple current sources are used to

describe scattering by dielectric and ferromagnetic cylin-

ders [8]–[12], and some authors have investigated similar

problems [13]–[16]. Lauterjung [17] applied the orthogonal

expansion method, which was modified to analyze the

present structure [18] -[20].

The orthogonal expansion method yields very reliable

and accurate values for the scattering parameters. Further-

more, fields and Poynting vectors can be investigated. This

allows a physical interpretation of the occurring resonance

~1 “., ,,
IN ,. W2,, ,.

,,
......, . ..-’

.
z? x

Fig. 2. Geometry of the investigated structure.

effects, which has not been done in those previous papers

using other methods [1]–[16]. With the method described

here, a better understanding of filters using dielectric rods

becomes possible. These advantages justify the analytical

and numerical effort of the orthogonal expansion method.
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The continuity conditions on the cylinder surface ps=ra cylindrical interaction region IR [21]–[23]. The fields of

the incident TE~o mode and all scattered fields are inde-

pendent of the z coordinate. Therefore, it is sufficient to

consider the scattering problem with the three field com-

ponents E,, HV, and HP. These fields can be derived from

a vector potential [24]:

(7)

o

&
‘E,

A+= A=i?,e ~m’ i?=v xA” i= -&xti). (1)

The dielectric losses are considered by a complex permit-

tivity:
0

{

( = ~OC,(1 – j tan 8 ) inside the dielectric cylinder
~(o)— co

—
outside the dielecric cylinder.

(2)

o
A. Fields in the Interaction Region

First, the fields are regarded in the coordinates of the

dielectric cylinder ps, cps,z. Taking the revolution condi-

tion into account, the wave equation solution reads
ps < r:

(8)

(3)

n = 0,1,2,... (9)

Jn(kr)+(nL(~r)
qn =

J.(klr) ‘
n = 0,1,2,..- (10)

where the prime symbol denotes the derivative with respect

to argument.

The fields in the coordinate system of the dielectric

cylinder (eqs. (3) and (4)) will now be shifted to the

coordinate system of the interaction region p, q, z using

the transformation given in [25]. It is sufficient to for-

mulate the wave equation solution in the interaction region

outside the region of the dielectric cylinder:

h
p>r+ b–~ :

cos(ncps)
+ a~Y~(kps) ‘in(;s) + a~yn(kps) ~

}

(4)

(5)

rs:

(6)

k=u& kL=ti&.

The amplitudes of (3) and (4) are arranged in vei

1 1

“=biJO(kp) m ‘bryo(kp) W

(

sin(pq) Cos(prf)

+ i? bflJp(k~) ~ ‘b~Jp(kp) 6~=1
iiy =a- =

sin(prf) Cos(prp)
+ b~YP(kp)

& }‘bryp(kp) 6 “

(11)
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Amplitudes are again arranged in vectors:

(12)

The coordinate transformation in [25] yields relations

between the amplitude vectors (6) and (12):

(13)

. . .

. . .

. . .

,..

. . .

-(14)

139

To perform the orthogonal expansion method, it is

suitable to condense the. p-dependent terms of (11) to new

functions Uo(kp), U;(kp), and U;(kp):

1~

‘Z=ua(kp)m ‘,;,
L$(kp)

sin(pq)

G

+ U;(kp) CoS&’q) }. (16)

A, is proportional to the tangential electric field compo-

nent on the interaction region surface Ez. To consider the

tangential magnetic field component HP, the following

function is defined introducing Io(kp), I;(kp), and

I;(kp):

{

sin(pq)
+ ~ I;(kp)

Cos(p(p)

G
+I; (kp)

~=1 )
F ~ (17

The new functions from (16) and (17) are arranged in

vectors:

ti(kp) =

Uo(kp) -

u;(kp)

W(kp)
.,

q“(kp)

U’(kp)

\

~kp) =

(p+n)m
q%= Jp-n(’wcos

‘P;n)m -(-l) nJp+H(kd) COS z

g
Jsc =

Jp-.(kd)sin ‘P-n)m+(-l) nJ+,(kd) sin ‘P+n)mpn
2 PI 2

(p-1’z)m (p+n)n-
gg = – Jp_. (kd)sin +(–l)”j’p+n(kd) sin z

2

(p-n)rr (p+n)n
g “’=J&(kd)cos +(–l)”JP+. (kd) COS zpn

2

Io(kp)

I;(kp)

I;(kp)

I;(kp)

I;(kp)

. (18)

d= b–; . (15)
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The Bessel functions from (11) are arranged in matrices:

J(kp) =

Y(kp) =

JO(kp)

Jl(kp)

o

YO(kp)

Y,(kp)

o

0

J2(kp)

Y,(kp)

By means of (11), the vectors (18) of (16) and (17) read

d(kp)=J(kp) &+Y(kp)@’ (20)

~(kp)=- hk(J’(kp)&+Y( kp)@’}. (21)

The vectors ;J and ~ arereplaced using the transforma-

tion (13). Then a‘y is replaced using (7). ~inally, # is

eliminated. A relation between U( kp ) and 1( kp ) follows,

which can be written by the matrix Z(kp ):

ti(kp)=Z(kp).~kp) (22)

Z(kp)=; {J(kp)GJ+Y (kp)G’.$}

.{ J’(kp).G~+ Y’(kp). G~. &}-’. (23)

For the following development of the continuity condi-

tions on the surface of the interaction region (p= R) by

the orthogonal expansion method, the field formulations

(16) and (17) are used. The continuity conditions on the

surface of the dielectric cylinder are ‘considered by the

matrix 2( kp ) from (22).

B. Scattering Parameters

In the waveguide regions W1 and W2, all TEWO modes

are to be considered. In the Cartesian coordinate system

X, y, z of Fig. 2., these are modes with the field components
HX, HY, and Ez which are propagating in the ~ x direc-

tion.

Waueguide region WI ( – co < x < O):

Jl(kp)

J,(kp)

o

Yl(kp)

Yz(kp)

(19)

Waueguide region W2 (O < x < co):

‘~y {t e-,k.rmx + s e+~k..x} (25)A,= f sin— ~ m
?>1= 1

‘m=m (26)

For a correct field matching in the whole interaction

region, the fields (24) and (25) must be defined for x <0

and x >0, respectively. For x < – r and x > r, the validity

of (24) and (25) is obvious. In the region – r < x < r the

fields of the interaction region of (16) and (17) can be

continued analytically. Only at x = O, a pole will occur

because of the Y functions. Therefore it is sufficient to

exclude only the plane x = O from the definition regions of

(24) and (25). A former discussion about the validity of

field representtions for a related problem is given by

Lewin [26], [27]. In [6] and [7], the same regions as in our

method are used.

The eigenfunctions of the waveguide fields are abbrevi-

ated as follows:

m Ty
@~(x.Y) ‘@~(X, Y) =sin--y-e-Jk’mx

m ry

‘;(~,Y) ‘@~(x, y) ‘Sk Tt?+Jkmx.

The transformation to the cylindrical coordinates

interaction region yields

(27)

(28)

of the

mn(b+psincp)

@j(P, T) =@L(p, p) =sin
e–jk.~pco~v

h

mr(b+psinq)

@,~l(P$9) =@~(p, q)=sin
h

e~jkwnpcosw

(29)
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The P derivatives are also abbreviated:

141

panded to Bessel functions [28], [29]:

W(lw)h
V:(p, cf)=– ~p

V;(p, q))= - w(lvdh
ap

%(w)h
*;l(p, rp)=–

Jp

aQ:(p, rf)
*;(p, cp) = –

ap
h.

The orthonormal eigenfunctions dependent

(16) and (17) are arranged in a vector:

F(cp)=

l/JT
sin ~

sin 2 q

L
Cosq

cos2ql

(30)

on p from

(31)

To obtain the continuity conditions on the surface of the

(32)

interaction region, (16)” and (17) are multiplied with the

elements of ~ Integration by rp in the range of – 7r/2 to

3~/2 yields [17], [20], [23]

Continuity of Ez:

ti(kll) = f (qmj3’2”F(T)@; (R, p)d9
??1= 1 7?/2

+,n,/”/2F(q)@;1 (R,P) f%

7T/2

+ r,,l~-”ml)wm) @

+fr,z~:@(9)@L(~9)~9). (

Continuity of Hq:

~~~) = ~;,(9m~:”~(9)*g(Rj9)d9

+sm~’2F(q))*;(R> Ql)&J
.7/2

+ ,mJ3’2mF(q)yJR,9 )d9

97/2

+Lp(wwf)dq}. (33)

To obtain the integrals from (32), the integrands are ex-

After exchanging integration and summation, the q-xdepen-

dent terms can be integrated analytically. Derivation with

respect to p yields the terms of the sums which are used to

calculate the integrals from (13). Now the integrals are

arranged in matrices:

ti(kR)=KuE.

-ql

q2

S1

S2

. .

+KUA.

i-l

r2

tl

t2

(35)

:: II
ql rl

q2
r2

~(kR) =KrE. ;1 +KZA. ~1 . (36)

S2 t2

Taking into account (22), the scattering matrix can be

obtained-by (35) and (36):

rl

r2

tl =s

t2

ql

qz

S1

S2

(37)

S= {KuA– Z(kR).KIA} -l”{ Z(kR)”KIE-KuE}.

(38)

C. Numerical Investigation

For numerical investigation. the infinite sums of the

exact mathematical formulation must be approximated by

finite sums. An examination of the scattering parameters

and field convergence yields criteria for the truncation of

the sums. For an accuracy of the TEIO-mode scattering

coefficients ( tl and rl) better than 1 percent and not too
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0.2-

b=O.7h

Irll

o.1- b=O.8h

-1

0.0- 1 $ I
8 9 11

f\&z

Fig, 3. Comparison with Bhartia [12]. C,= 4.4; tan 8 = 2,955 X 10-:;
r = 0,05(j25h; b = 0,5h, 0.6h, 0.7h.

large post radius and permittivity (c,r/h < 10), the follow-

ing numbers of eigenfunctions have to be considered:

interaction region: IR: n~w = pm= =10

waveguide regions: Wl: nzm==lo W2: rnma=ll.

(39)

The numbers of eigenfunctions in both waveguide regions

have to be different in order to obtain quadratic matrices

in (38). Their sum has to be equal to the number of

eigenfunctions in IR, 2p~u +1. With the wavenumbers

from (39), the computation of one scattering matrix needs

about 3.5 s on an IBM 4381 computer.

For accurate field patterns, higher order scattering coef-

ficients must be precisely computed, so more eigenfunc-

tions have to be considered:

interaction region: IR: n~= =p~a = 25

waveguide regions: Wl: m~a =25 W2: m~u=26.

(40)

III. RESULTS

Numerical results are given for a R-1OO waveguide with

the following width:

h = 22.86 mm= 9/10 in. (41)

The cutoff frequency of the TEIO mode is 6.56 GHz;

frequency responses are given in the technically used

range 8 GHz–12 GHz. All dimensions are normalized with

respect to the waveguide width h.

A. Comparison with Other Authors

Scattering parameters are compared with results from

[12] (Fig. 3) and [15] (Fig. 4). The reflection coefficients Irll
of a lossy dielectric rod calculated by Bhartia [12] agree

with our results within drawing precision except for the

symmetric case (b = 0.5h ) near 12 GHz. Hsu and Auda

[15] show the transmission coefficient Itll as a function of
the post position b/h. Below the minimum of Itll at

b = 0.6h, there is a small discrepancy between the curves

which disav~ears above b = f).6h.

1 [)0

0,7.’,

(, 050

0.25

/
,,

,’

..-
05 0.6 07 0.8 0.9

Ml

Fig. 4, Comparison with Hsu [15]. f = 9.37 GHz; c,= 38; tan 8 = O;
r = 0.075h.
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Fig. 5 Frequency responses of a bandstop falter. c,= 38,5; tan 6 = 2 x

10””4; r= 0.03/r; b = O 5h, 0.6/1, 0.7h, 0.8h.

B. Bandstop Filter

To design bandstop filtes with suitable characteristic. a

dieletric material is chosen with a high permittivity (c, =

38.5), low losses (tan 8 =2x 10 ‘4), and an eligible temper-

ature coefficient m described by Pobl and Wolfram [30].

Figs. 5 and 6 show the calculated and measured

frequency responses of the transmission coefficient tl for

several post positions b. Though a small cylinder radius is

chosen (r = 0.03 h), stopbands occur with a theoretical

attenuation greater than 40 dB. The measured attenuation

decreases from about 40 dB (0.6A< b < 0.7h) to 15 dB

(b= 0.925h ). Moving the post from the waveguide center

. . to one side wall, the resonance frequency decreases (Fig. 5,
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It,,,,

–10o-

-20.0- I—calculatedl ::
I---- measured, ,!~

-30.0-

b= O.f35h (),~

8 9 10

f\GHz

11

0.5 b= O.85h 0.9h 0.925h

“ -l > ~ L_
. . . . .

arc(tJ/7T 0.0

–0.5 -

–1.0 , 1 1 I

8 9 11 12

f/[Hz

Fig. 6. Frequency responses of a bandstop filter. c,= 38.5; tan 8 = 2 x

10-4; r = 0.03h; b = 0.85h, 0.9h, 0.925h.

Fig. 7. Magnetic field in a bandstop filter at resonance frequency.

&&o~hGb~;o:~=0.5n; Itll= -50 dB; c,= 38.5; tana= 2X10-4;

0.5h < b < 0.8h) and increases again (Fig. 6, 0.85h < b <

0.925h). At the same time, the bandwidth decreases. So a

certain resonance frequency in the range from 10 GHz to

12 GHz can be achieved by two alternative post positions,

thereby obtaining different bandwidths.
The principal calculated effects are proved by measure-

ment. Divergences occur mainly at resonance effects. The

measured attenuation is smaller than the calculated value

because of waveguide and measurement device losses,

which are not considered in the analysis. (The equipment

used was not optimized to obtain low losses.) Furthermore,

measured resonance frequencies are higher than calculated

ones. Possible reasons are tolerances of the dielectric con-

stant and cylinder radius, which have a great influence on

resonance frequencies.

Magnetic fields at resonance are shown in Fig. 7. Be-

cause of the low transmission coefficient ( Itll = – 50 dB),

f = 10.3 GHz

/tl[dB = -4

-.. ..-_ . . . . .. . . . . . . .

f = 10.’7 GHz

lt,[dB = -5

-.-.\

—------. .”.:..<---- .-— -—— --- --. ..- .—- -------- ------ —-- ----

—
Fig. 8. Poynting vector in a bandstop filter below and above resonance

frequency. .sr= 38.5; tan8 = 2X10-4; r = 0.03h; b = 0.9h.

there is no wave propagation in the waveguide region W2.

In Wl, a standing wave occurs. Inside and near the post, a

concentric magnetic field occurs. The location of field

extrema is time-independent. At the chosen time (d =

0.5 T), the field strengths are maximal; at ot = O, all fields

vanish. Resonance occurs as an interaction between the

fields of the dielectric cylinder and the waveguide walls. In

the region of the post, fields are similar to those of the

TE20 mode of the empty waveguide. The resonance can be

explained by the occurrence of TE20-type fields at cutoff

frequency in a dielectric loaded waveguide region. Note

that the resonance fields are asymmetric to the waveguide

and therefore cannot be obtained by the discussion of a

centered post.

Poynting vectors below and above resonance frequency

are shown in Fig. 8. In both diagrams, a vortex of power

flow occurs. Below resonance, the power is transported

through the rod in the propagation direction of the wave-

guide. At resonance, the rotation direction of the vortex

changes and the transmission becomes minimal. Above

resonance, the power is transported through the waveguide

in the lower region (O < y < 0.5h ). The physical lmecha-
nism of power flow chhges at resonance. Below reso-

nance, the power distribution is caused by the TEIO mode.

Above resonance, the occurring TE20 mode changes the

power distribution.

IV. CONCLUSIONS

A method is presented which obtains accurate results

and field patterns for a 10SSY dielectric cylinder in a
rectangular waveguide. The lowest resonance mode in the

fundamental-mode frequency range is used to realize a

tunable bandstop filter. As shown by the field patterns, the

resonance is caused by an interaction between the dielec-

tric cylinder and the waveguide walls. For this resonanm
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mode, posts are smaller than those used today in technical

applications.

To design higher order filters, post cart be located in

series by simple scattering-matrix operations. For an effec-

tive design of multiple-post structures, knowledge of the

principal physical effects of the one-post structure shown

here is useful becaus of the variety of effects and possible

structures.
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